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AN INFINITE TORUS BRAID YIELDS A CATEGORIFIED 
JONES- WENZL PROJECTOR 

LEV ROZANSKY 



Abstract. A sequence of Temper ley-Lieb algebra elements corresponding to torus braids 
with growing twisting numbers converges to the Jones- Wenzl projector. We show that a 
sequence of categorification complexes of these braids also has a limit which may serve as a 
categorification of the Jones- Wenzl projector. 
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1. Introduction 

A Jones- Wenzl projector P„ is a special idempotent element of the ra-strand Temperley- 
Lieb algebra TL„, whose defining property is the annihilation of cap and cup tangles. The 
coefficients in its expression in terms of Temperley-Lieb tangles are rational (rather than 
polynomial) functions of q. This suggests that the categorification P„ of P„ in the universal 
tangle category TL„ constructed by D. Bar-Natan |BN05j should be presented by a semi- 
infinite chain complex. In fact, there are two mutually dual categorifications: the complex 
P~ which is bound from above and the complex P^ which is bound from below. We will 
consider only P~ in detail, since the story of P^ is totally similar. 
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2 L. ROZANSKY 

The construction of P^ by B. Cooper and S. Krushkal [CKj is based upon the Frenkel- 
Khovanov formula for P„ and requires the invention of morphisms between constituent TL 
tangles as well as non-trivial 'thickening' of the complex. An alternative 'representation- 
theoretic' approach to the categorification of the Jones- Wenzl projector is developed by Igor 
Frenkel, Catharina Stroppel, and Joshua Sussan |FSSj . 

Our approach is rather straightforward: the categorified projector P~ is a direct limit of 
appropriately shifted categorification complexes of torus braids {i.e. braid analogs of torus 
links) with high clockwise twist (the other projector P+ comes from high counterclockwise 
twists). The limit P~ can be presented as a cone: 



P; ~ Cone [0'_{2m{n - 1)) ^ ((XX"» j, (1-1) 

m 

where ~X^Xi " is a torus braid with m full clockwise rotations of n strands, {{—)Y is the 
categorification complex with a special grading shift, and 0^{k) denotes a chain complex 
which ends at the homological degree —k. Theorem 12.81 imposes even stronger restrictions 
on the complex 0^(2m{n — l)j in eq. (11.11) . 

The advantage of our approach is that one can use torus braids with high twist as approx- 
imations to P~ in a computation of Khovanov homology of a spin network which involves 
Jones- Wenzl projectors: if a spin network u is constructed by connecting Pn to an (n, n)- 
tangle r such that ((r)) ~ O^(fc), while a spin network u^ is constructed by replacing P„ in 

m 

V with 3(JX "' then the homology of ((z/)) coincides with the shifted homology of ((i^m)) in 
all homological degrees i such that i > —k — 2m{n — 1). Thus one may say that there is a 
stable limit 

{{u))= hm {{u^r. (1.2) 

We will define homological limits more precisely in subsection I2.2.2I 

The practical importance of the relation between {{u)) and {{i^m)) stems from the fact that 
I'm is an ordinary link and its homology can be computed with the help of existing efficient 
computer programs even for high values of m. 

The simplest example of a spin network is the unknot 'colored' by the {n + l)-dimensional 
representation of SU(2) with the help of the projector P„. Its Khovanov homology is ap- 

m 

proximated by the homology of torus links Tn-mn which appear as cyclic closures of ^(J)^ «. 
The Khovanov homology of torus links has been studied by Marko Stosic |Sto07] , who ob- 
served that it stabilizes at lower degrees as m grows. This is a particular case of the 'stable 
limit' (OD. 
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In Section |2] we explain all notations and conventions which are used in the paper. In 
particular, in subsection 12.1.41 we define a non-traditional grading of Khovanov homology, 
which is convenient for our computations. Then we formulate our results. 

In Section[3]we review basic facts about homological 'calculus' required to work with limits 
of sequences of complexes in a homotopy category. In Section H] we construct a sequence of 
categorification complexes of torus braids related by special chain morphisms. This sequence 
yields P~ as its direct limit. In Section |5] we use homological calculus of Section |3] in order 
to prove that P~ is a categorification of the Jones- Wenzl projector. 

Acknowledgements. This paper is a spinoff of a joint project with Mikhail Khovanov |KR] 
which is dedicated to the study of categorification complexes of torus braids and their relation 
to the categorification of the Witten-Reshetikhin-Turaev invariant of links in §^ x §^. I am 
deeply indebted to Mikhail for numerous discussions and suggestions. 

I would like to thank Slava Krushkal for sharing the results of his ongoing research. I 
am also indebted to organizers of the M. S.R.I, workshop 'Homology Theories of Knots and 
Links' which stimulated me to write this paper. 

This work is supported by the NSF grant DMS-0808974. 

2. Notations and results 
2.1. Notations. 

2.1.1. Tangles and Temperley-Lieb algebra. All tangles in this paper are framed and we 

assume the blackboard framing in pictures. We use the symbol o fc to indicate an addition 
of k framing twists to a tangle strand: 



o 



c)i (2.1) 



A tangle is called planar if it can be presented by a diagram without crossings. A planar 
tangle is called connected or Temperley-Lieb (TL) if it does not contain disjoint circles. Let 
Tng denote the set of all framed tangles, Tng^^ ^ - the set of (m, ra)-tangles and Tng^ - the 
set of {n, n)-tangles. We adopt similar notations for the set TL of TL-tangles. 

We use the symbol o to denote the composition of tangles: ti o t2. The same symbol is 
used to denote the multiplication in Temperley-Lieb algebra and the composition bifunctor 
in the category TL. 
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A Temperley-Lieb algebra TL over the ring of Laurent polynomials Z[g, q~^]j is a quiver 
ring. The vertices f „ of the quiver are indexed by non-negative integers n and each pair of 
vertices Vm, Vn, such that m — n is even, is connected by an edge emn- To a vertex Vn we 
associate a ring TL„ „, (also denoted as TL„) and to an edge e^n we associate a TL„ ® TL^- 
module TL^.n- As a module, TLm,n is generated freely by elements (A) corresponding to 
TL (m, n)-tangles A, while ring and module structures come from the composition of tangles 
modulo the relation 

which is needed to remove disjoint circles that may appear in the composition of Temperley- 
Lieb tangles. 

The map Tng — > TL associates an element (r) to a tangle r with the help of eq. ( 12. 2p 
and the Kauffman bracket relation 

/\ 



= q-^ {J Q + q-^^ iXj- (2.3) 

This relation removes crossings and disjoint circles from the diagram of r, hence 

ir) = E «A(r) (A) , a,{T) = ^ aA.(r) q' (2.4) 

AG TL„ ieZ 

with only finitely many coefficients a\^i{T) being non-zero. 

If two tangles differ only by the framing of their strands, then the corresponding algebra 
elements differ by the q power factor coming from the following relation associated with the 
first Reidemeister move: 



* 1 ; = -q2 



(2.5) 



A (0, 0)-tangle L is a framed link, so (L) is the framing dependent Jones polynomial 
defined by the Kauffman bracket. 

We use the notations QTL and TL"*" for Temperley-Lieb algebras defined over the field 
Q(g) of rational functions of q and over the field Z[[g, g~^] of Laurent power series. A 
sequence of injective homomorphisms Z[g, q~^] "^ Q,{q) "^ "^[[q, q^^], the latter one generated 
by the expansion in powers of q, produce a sequence of injective homomorphisms of the 
corresponding Temperley-Lieb algebras. 



It is clear from our normalization of the Kauffman bracket relation (|2.3I) that we should rather use the 
ring Z[(7^/^,q~^/^]. However, in all expressions in this paper the half-integer power of q appears only as 
a common factor, so the terms with integer and half-integer powers of q do not mix. Hence we refer to 
Z[q, q^^], while keeping in mind that q^'^ may appear as a common factor is some expressions. 
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2.1.2. The Jones-Wenzl projector. Let "^ ^ TLn^2,n and (] « G TLn,n-2, I < i < n — 1, 
denote the following TL tangles: 



o 



i i+l 



c 



i i+l 



Their compositions Un,i = « 3 ° C " ^^^ standard generators of the Temperley-Lieb algebra 

The Jones-Wenzl projector P„ G QTL„ is the unique non-trivial idempotent element 
satisfying the condition 



(^„)oP„ = 0, l<i<n-l. 

The Jones-Wenzl projector also satisfies the relation 



(2.6) 



P„o (n]) ) =0, 1 <i <n- 1. 



(2.7) 



We denote the idempotent element of TL^ corresponding to P„ as P+. 



2.1.3. Basic notions of homological algebra. Let Ch(A) be a category of chain complexes 
associated with an additive category A. An object of Ch(A) is a chain complex 

A = (...^A,^A,+i^---), 
and a morphism between two chain complexes is a chain morphism defined as a multi-map 



A 



B 



^ Ai ^ Aj+1 > 



d' 



p, 



/i + l 



(2. 



Bi+i 



which commutes with the chain differential: d'^ fi = /j+i di for all i. The cone of a chain 
morphism A — )■ B is a complex 



Cone(f) 




L. ROZANSKY 



in which the object Ai^i © Bi has the homological degree i. There are two special chain 
morphisms B -^ Cone(f) and Cone(f)[l] -^ A associated to the cone: 

B Bi 5i+i ■ • ■ 



tf 



oei 



oei 



Cone(f) Ai+i © Bi Ai+2 © B,+i 



f 



1®0 



1®0 



A[-l] -A,+i -A 



i+2 ^ ■ ■ ■ 

These complexes and chain morphisms form a distinguished triangle: 

A — ^ B -^ Cone(f) -^ A[-l] . (2.9) 

The homotopy category of complexes K(A) has the same objects as Ch(A) and the mor- 
phisms are the morphisms of Ch(A) modulo homotopies. We denote homotopy equivalence 
by the sign ~. The notion of a cone extends to K(A) and there are additional relations in 
that category: Cone(6f) ~ A[— 1] and Cone((5f) ~ B[— 1], so all vertices of a distinguished 
triangle have equal properties. 

2.1.4. A triply graded categorification of the Jones polynomial. In his famous paper |KhoOO] . 
M. Khovanov introduced a categorification of the Jones polynomial of links. To a diagram 
L of a link he associates a complex of graded modules 

((L)) = (-.-^a^a+i^---) (2.10) 

so that if two diagrams represent the same link then the corresponding complexes are homo- 
topy equivalent, and the graded Euler characteristic of ((L)) is equal to the Jones polynomial 
of L. 

Thus, overall, the complex (I2.10p has two gradings: the first one is the grading related to 
powers of q and the second one is the homological grading of the complex itself, the corre- 
sponding degree being equal to i. In this paper we adopt a slightly different convention which 
is convenient for working with framed links and tangles. It is inspired by matrix factorization 
categorification |KR08] and its advantage is that it is no longer necessary to assign orien- 
tation to link strands in order to obtain the grading of the categorification complex (I2.10p 
which would make it invariant under the second Reidemeister move. 

To a framed link diagram L we associate a Z © Z © Z2-graded complex (I2.10p with degrees 
degh, degg and deg2. The first two gradings are of the same nature as in jKhoOOj and, in 
particular, deg^Cj = i. The third grading is an inner grading of chain modules defined 
modulo 2 and of homological nature, that is, the homological parity of an element of {{L)), 
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which affects various sign factors, is the sum of deg^ and degg. Both homological degrees are 
either integer or half-integer simultaneously, so the homological parity is integer and takes 
values in Z2. The g-degree deg^ may also take half- integer values. 

Let [m, /, n] denote the shift of three degrees by Z, m and n units respectiveljQ. We use 
abbreviated notations 

[Z,m] = [Z,m, 0], [m]g = [0,m,0] 

as well as the following 'power' notation: 

[/, m, n] = [kl, km, kn] . 

With new grading conventions, the categorification formulas of [KhoOOj take the following 
form: the module associated with an unknot is still 'Z[x]/{x'^) but with a different degree 
assignment: 



iO} = n^]/{^') [0,-1,1], (2.11) 

degg 1 = 0, degg x = 2, deg^ 1 = deg^ x = degs 1 = dega a; = 0, (2. 12) 

and the categorification complex of a crossing is the same as in |KhoOOj but with a different 
degree shift: 

'\/\\ _ / /A A\ r 1 1 11 / 



where / is either a multiplication or a comultiplication of the ring Z[x]/{x'^) depending on 
how the arcs in the r.h.s. are closed into circles. The resulting categorification complex fl2.10p 
is invariant up to homotopy under the second and third Reidemeister moves, but it acquires 
a degree shift under the first Reidemeister move: 



(M = (|))[-il.4]- (2-") 

It is easy to see that the whole categorification complex (12.101) has a homogeneous degree 
deg2. 



Our degree shift is defined in such a way that if an object Af has a homogeneous degree n, then the 
shifted object A/[l] has a homogeneous degree n+ 1. 
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2.1.5. A universal categorification of the Temperley-Lieb algebra. D. Bar-Natan |BN05j de- 
scribed the universal category TL, whose Grothendieck Ko-group is TL considered as a 
Z[g, g~^]-module. We will use this category with obvious adjustments required by the new 
grading conventions. 

Let TL be an additive category whose objects are in one-to-one correspondence with 
Temperley-Lieb tangles, morphisms being generated by tangle cobordisms (see |BN05] for 
details). The universal category TL is the homotopy category of bounded complexes associ- 
ated with TL. In other words, an object of TL is a complex 

C = (■ ■ ■ ^ Q ^ Q+i ^ ■ ■ ■) , a = cj,,, ((A)) [0, j,/i] , (2.15) 

where non-negative integers c^j^^ are multiplicities; since the complex is bounded, they are 
non-zero for only finitely many values of i. 

A categorification map Tng y TL turns a framed tangle diagram r into a complex ((r)) 

according to the rules (12. lip and (I2.13p . the morphism / in the complex (I2.13P being the 
saddle cobordism. A composition of tangles becomes a composition bi- functor TLxTL — )■ TL 
if we apply the categorified version of the rule (12. 2p in order to remove disjoint circles: 

(O) = <<^-)) [0' 1' 1] + <<^-)) [0' -1' 1] ' (2.16) 

where A0 is the empty TL (0, 0)-tangle. 

A complex ((r)) associated to a tangle r is defined only up to homotopy. We use a notation 
{{t))^ for a particular complex with special properties which represents ((t)). 

Overall, we have the following commutative diagram: 

TL (2.17) 

Ko 




TL 
where the map Kq turns the complex (I2.15P into the sum (12. 4p : 

Ko(C)= E 5:a,,gMA), «a,, = E(-ir''"<.,.- (2-18) 

Ae TL„ j i,/i 

Since the complex is bounded, the sum in the expression for axj is finite. 

In addition to TL we consider a category TL^ of complexes bounded from above, that 
is, the multiplicity coefficients in the sum (I2.15P are zero if i is greater than certain value. 
Define the g"*" order of a chain 'module' C^: \Ci\ = inf {j: 3/i: c^j^^ 7^ 0|. A complex C 
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in TL~ is q^-hounded if linij^oo I C'-i L = +00. For a g"'"-bounded complex, the sum in the 
expression fl2.18p for oaj is finite, hence the element Ko(C) is well defined. 

2.2. Results. 

2.2.1. Infinite torus braid as a Jones-Wenzl projector in a Temperley-Lieb algebra. A braid 
with n strands is a particular example of a {n, ra)-tangle. A torus braid is a braid that can 
be drawn on a cylinder S^ x [0, 1] without intersections. In fact, all torus braids have the 
form /3^j ^, -m G Z, where /3cyi,n is the elementary clockwise winding torus braid: 

1 n— 1 n 




Pcyl,n = ^Y^ ^^ (2.19) 

12 n 

We introduce a special notation for the torus braid which corresponds to m full rotations of 
n strands: 



"OC" = /3cT 



Let 0_|_(g™') denote any element of TL^ of the form J2xeTLn J2j>m ci\,j (f (A). We define a 
q-order of an element a G TL''' as | a | = sup {m: a = 0+(g™)}. 

Definition 2.1. A sequence of elements ai,a2,--- G TL^ has a limit limfc_s.oo«fc = P, if 

limj^oo 1/3 -ttfclg = +00. 

The following theorem may be known, so we do not claim credit for it. It appears here as 
a by-product and it is an easy corollary of eg. fl2.26p . 

Theorem 2.2. The TL element corresponding to the infinite torus braid equals the Jones- 
Wenzl projector: 

1 



^hm^g2-(-i)(X)C"> = Prl: (2.20) 

where P+ G TL^ corresponds to the Jones-Wenzl projector Pn G QTL„. 

In fact, a more general statement is also true: 

lim g2-(-i) (/3- J = P+, (2.21) 

but its proof is more technical and we omit it here. 
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2.2.2. A bit of homological calculus. Let K(A) denote the homotopy category of complexes 
associated with an additive category A (we have in mind a particular case of K(A) = TL^). 

A chain complex is considered 'homologically small' if it ends at a low (that is, high nega- 
tive) homological degree. Let 0^{m) denote a complex which ends at {—m)-th homological 
degree: 0^{m) = (■ ■ ■ A^m-i — ^ ^-m)- We define a homological order of a complex A as 
I A |[^ = sup \m: A ~ 0^{m)j. 

Two complexes connected by a chain morphism: A ^^ B are considered 'homologically 
close' if Cone(f ) is homologically small. 

A direct system is a sequence of complexes connected by chain morphisms: 

^=(Ao^Ai^.--). 
Definition 2.3. A direct system A is Cauchy if liiRi^oo I Cone(fj) \^ = oo. 

Definition 2.4. A direct system has a limit u '■ lim^ = A, where A is a chain complex, if 

f 

there exist chain morphisms Aj -^ A such that they form commutative triangles 

f, ~f,+if, (2.22) 

and limj_^oo I Cone(fj) |h = cxd. 

In Section [3] we prove the following homology versions of standard theorems about limits 
(Propositions [321 l3:T2l and Km : 

Theorem 2.5. A direct system A has a limit if and only if it is Cauchy. 

Theorem 2.6. The limit of a direct system is unique up to homotopy equivalence. 

2.2.3. Infinite torus braid as a Jones-Wenzl projector in the universal category. For a tangle 
diagram r let {{t)Y denote the categorification complex ((r)) with a degree shift proportional 
to the number nx(T) of crossings in the diagram r: 

{{rr = {{r))l-hhkr^^^. (2.23) 




This definition differs from the standard categorical definition of a direct limit, however Theorem 13.91 
indicates that our definition implies the standard one. We expect that both definitions are equivalent. 
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In subsection 14.21 we define a direct system of categorification complexes of torus braids 
connected by special chain morphisms 



B„ = ((( ■: n))^^((^j^rn)y-^ 



fo , // -N/^^ „\\S fl 



m m+l , 

■■■^^{{jD:-)y^{{yxc-)y^^---)- (2.24) 

We prove that | Cone(fm) |h > 2m{n — 1) + 1, so Bn is a Cauchy system and by Theorem 12.51 
it has a unique limit: lim;B„ = P~ G TL^. 

Theorem 2.7. The limiting complex P~ has the following properties: 

(1) A composition o/P^ with cap- and cup-tangles is contractible: 



(2) The complex P~ is idempotent with respect to tangle composition: P~ o P~ ~ P~. 

We provide a glimpse into the structure of P^. A complex C in TL„ is called 1-cut if 

: " never appears in chain 'modules' Cj. A complex C in TLj^ is called angle-shaped if the 
multiplicities c^^^ of eq. f l2.15p satisfy the property 

c^j • = if z < 0, or i < z, or j > 2i. (2.25) 



s f, 



^^^ \\ 30C ")) "^ -^n t>e chain morphisms associated with the limit lim Bn = P„ in 
accordance with Definition 12.41 

Theorem 2.8. There exist 1-cut angle-shaped complexes Cm,n such that 

Cone(f„) ~ Crn,n [-n + 1, nf^ [-1, 1] . 

In other words, there exists a distinguished triangle 

C^,„ [-n + 1, nf^ [l\ -^ (( XDC "»' -^ Pn — ^ C,„,„ [-n + 1, nf^ [-1, 1] 
so there is a presentation 

P; ~ Cone (C„,„ [-n + 1, n]^"^ [1], ^^ (( ^X "» J , (2-26) 

where the complex Cm,n is 1-cut and angle-shaped. 
At m = the formula f l2.26p becomes 



V- ~ Cone Co,n [1], -^ (( \ «» , (2.27) 
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where the complex Co,n is 1-cut and angle-shaped. 

Since Co,n is angle-shaped, the complex Cone((5f^) is also angle-shaped and consequently 



g"^-bounded. Hence Ko(P~) is well-defined. Also Ko(P~) 7^ 0, because it contains 

with coefficient 1. Theorem 12.71 indicates that Ko(P~) satisfies defining properties of the 

Jones- Wenzl projector, hence by uniqueness it is the Jones- Wenzl projector: 

Corollary 2.9. The complex P^ categorifies the J ones- Wenzl projector in TL^.- 

Ko(P;) = Pn- (2.28) 

3. Elementary homological calculus 

3.1. Limits in the category of complexes. Consider a category Ch(A) of chain com- 
plexes associated with an additive category A. An i-th truncation t<jA of a chain complex 
A is the chain complex A^i -^ ^-j+i —)■■■■. An i-th truncation of a chain morphism f is 
defined similarly. 

f 
Define an isomorphism order | f | ^ of a chain map A ^^ B as the largest number i for 

which a truncated chain morphism t<jf is an isomorphism of truncated complexes. 

Remark 3.1. Consider a distinguished triangle Ii2.9\) . // A ~ 0^{m), then | if |^ > m — 1. 

Definition 3.2. A direct system A = (Ai -t- A2 -^ ■ ■ ■) is stabilizing z/linij^oo | fj |^ = 00. 

Definition 3.3. A direct system A has a chain limit limch-^ = A z/ there exist chain 
morphisms Aj ^ A such that fj = fj+i fj and linij^oo I fj 1= — '^■ 

The following two theorems are easy to prove: 

Theorem 3.4. A direct system has a chain limit if and only if it is stabilizing. If a chain 
limit exists then it is unique. 

Theorem 3.5. Suppose that limch-4 = A. Then for a complex B and chain morphisms 
Aj -^ B such that gj = gj+ifj, there exists a unique chain morphism A — )■ B such that 
gi = gfi- 

Definition 3.6. A sequence of chain morphisms A — > B has a chain limit limj_>oo f « = f 

if for any N there exists N' such that t<^fj = t^jyf for any i > N' . 
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3.2. Limits in the homotopy category. Definitions 12.31 and 12.41 extend tlie notion of a 
stabilizing direct system and its limit to the homotopy category K(A): obviously, a stabilizing 
direct system is Cauchy, while limch ^ = A implies lim ^ = A. 

Proposition 3.7. A Cauchy system has a limit. 

Proof. Consider a Cauchy system A. We construct a special chain complex Aj such that 
lim A = Afj in accordance with Definition 12.41 Roughly speaking, we take Aq and attach 
to it the cones Cone(fj) represented by homologically small complexes, one by one. The 
result is a sequence A^ = Ajj^o; Ajji, ... of stabilizing complexes Ajj^j such that Ajj j ~ Aj, 
and A(j = limch-^j is their chain limit. 

Here is a detailed explanation. By Definition 12. 3[ there exist complexes C, such that 

Cone{ii) r^Ci[l] = 0^{mi), lim m^ = +oo. (3.1) 

i—^oo 

The complexes Aj, Aj+i and Cj form exact triangles: 

Q — A, -^ A,+i Q[-l] 



and Aj_|_i ~ Cone{6f.). We define recursively a new sequence of complexes A^ = (A^o ~^ 
Ajj^i -^ • ■ ■ ) by the relations A^^ = Aq, Aj j ~ Aj and Aj^j+i = Cone(gi), where the chain 
morphism Cj -A- A«i is homotopy equivalent to the chain morphism 6f^. In other words. 



§2, -^ //-, gi, ri //^ ''''o, 



Ab,j+i = Cone(C, -^ Cone(Cj_i ^^ ■ ■ ■ ^ Cone(Ci ^ Cone(Co ^ Aq) ) ) ) (3.2) 



H:2 



M.i 



According to Remark l3.lt | tgj^ > ttij, hence the sequence At^ is stabilizing, so there exists 
a chain limit limch-^B = Aj and consequently there is a limit lim^ = Aj. □ 

Simply saying, the complex Aj is an infinite multi-cone extension of the complex (13. 2p : 
Aj = ■ ■ ■ -52> Cone(C2 -^ Cone(Ci ^ Cone(Co ^ Aq))). (3.3) 

For our applications it is important to express Cone(fo) in terms of complexes Cj. This 
can be done by rearranging the infinite multi-cone (13.31) with the help of associativity of cone 
formation, which exists even within the category Ch(A): 

Aj = Cone(C 4 Ao), C = ■ ■ • ^ Cone(C2[l] ^ Cone(Ci[l] ^ Co)), (3.4) 

so that fo ~ Lg, and Cone(fo) ~ C[— 1] is expressed in terms of complexes Cj arranged into 
an infinite multi-cone C. Here is a more formal statement. 
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Theorem 3.8. For a Cauchy system A there exists another Cauchy system C = (Cq — ^ 

~ h' Vi ~ ~ 

Ci — ^ ••■) and chain morphisms Cj[l] ^ Cj such that Cone(hj) = Cj+i, h'; = l^i- and 
for the limiting complex C = limchC there exists a chain morphism C -^ Aq such that 
Ajj = Cone(g), fo ~ % and consequently Cone(fo) ~ C[— 1]. 

Proof. Let us recall the associativity of cones in a general setting. For a chain morphism 
A ^^ B, a chain morphism C -^ Cone(f) is a sum: g = gA © gs 



'^l^ 



A 

f 



gB 

where C — ^ A[— 1] is a chain morphism and C — ^ B is a multi-map. Now it is obvious 
that 

Cone(C -^ Cone(A 4 B)) = Cone ( Cone (C[l] ^ A) ^^ B). (3.5) 

We apply the associativity relation (13. 5 p to multi-cones (13. 2 p consecutively for i = 1, 2, . . . 
in order to rearrange them, so that Ajj^j = Cone(Cj -A- Aq), while the complexes Cj and 
chain morphisms gj are defined recursively: Cq = Cq, go = 5fo, Cj+i = Cone(hj), while the 
chain morphisms Cj[l] -^ Cj and Cj+i — — )■ Aq are defined by applying the associativity 
relation (13. 5p to the double cone on the second line of the following equation: 

Aj),i+i = Cone(Ci -^ Ajj^j) 

= Cone(Ci ^ Cone(Ci ^ Aq)) 



Distinguished triangles 



Cone(Cone(Ci[l] ^ C,) -^ Aq) 
Cone(Q+i^Ao). 



Cai] ^^ Q ^^ Q+i ^ C. 



(3.6) 



~ h' ~ h' 

determine chain morphisms h^ = i\i- of the direct system C = (Cq — ^ Ci — ^ ■ ■ ■)• By 
Remark 13.11 it has a chain limit: limchC = C, which is an infinite multi-cone: 

C = . . . i^ Cone(C2[l] ^ Cone(Ci[l] ^ Co)). 

~ h' ~ 
The chain morphisms Cj — ^ Cj+i satisfy a relation gj = gj+i h^, so by Theorem 13.51 there 

exists a unique chain morphism C — )■ Aq such that gj = gh^. It is easy to show that 

Aj = Cone(C -^ Aq), and fo = ig, hence Cone(fo) ~ C. □ 

It is easy to prove the analog of Theorem | 
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Theorem 3.9. For a complex B and chain morphisms Aj ^ B such that gj ~ gi+ifj, 
there exists a unique (up to homotopy) chain morphism Aj — )■ B which forms commutative 
triangles 

Si 

Ai — Ai+i -—^ B , gi ~ g f« (3.7) 

In order to complete the proof of Theorems 12.51 and 12.61 we need two simple propositions. 
The first one establishes a triangle inequality for homological orders of cones. 

Proposition 3.10. If three chain morphisms form a commutative triangle 

fAC 

A =^^^^B~^ C , fAC ~ fBcfAB. (3.8) 

lAB IBC 

then the homological orders of their cones satisfy the inequalities 

I Cone(fAB) Ih > min ( | Cone(fAc) lh 7 I Cone(fBc) Ih - l)' (3-9) 

I Cone(fBc) lh > min ( I Cone(fAB) L + 1, 1 Cone(fAc) lh )■ (3-10) 

Proof. If chain morphisms form a commutative triangle (13. 8p . then their cones form a 
distinguished triangle 

Cone(fAB) ^ Cone(fAc) ^ Cone(fBc) ^ Cone(fAB)[l], 

so the first inequality follows from the relation Cone(fAB) ~ Cone(g2)[l] and the second 
inequality follows from the relation Cone (fee) ~ Cone(gi). □ 

The second proposition says that if a complex is homologically infinitely small then it is 
contractible. 

Proposition 3.11. // | A Ij^ = +00 then A is contractible. 

Proof. Since | A |j^ = +00, there exist complexes Aj ~ A, such that Aj = 0^(r?7,j) and 
limj_^oo ^^i = +00. Consider a sequence of chain morphisms establishing homotopy equiva- 
lence between the complexes: 

fo fl fi 

A ^i Ai ^i A2 ^i ■ • • ^i Aj ^i Ai+i ^i • • • , 1a, - gjfj = dj hj + hj d^, 

go gl gi 

where 1a, is the identity chain morphism of Aj, while A.j[l] -A- Aj is a homotopy chain 
morphism (it does not commute with the chain differential dj in the complex Aj). 

Consider the compositions fj = fi---fifo, gj = gogi • ■ ■ gj and hj = gj_ihjfj_i. It is 
easy to see that gi_i fj_i — gj fj = d hj + hj d, hence 1a — gj fj = d hj + hj d, where hj = 
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ho + hi + ■ ■ ■ + hj. There is a limit [cf. Definition I3.6p linij_5.oo hj = h, while linij_>oo & fj = 0, 
hence 1a = d h + h d which means that the complex A is contractible. □ 

Proposition 3.12. // a direct system A has a limit, then it is Cauchy. 

Proof. The inequality fl3.9p applied to the commutative triangle fl2.22p says that 

I Cone(fj) Ih > min (| Cone(fi)|h, | Cone(fi+i)|h - l) , 
hence the limit limj_^oo I Cone(fj)|h = +oo implies the Cauchy property of A. 
Proposition 3.13. // a direct system A has a limit then it is unique. 

Proof. If A has a limit then by Proposition 13. 121 it is Cauchy. Hence it has a special limit A^ 
described in the proof of Proposition 13.71 If A has another limit A' with chain morphisms 
Aj —^ A' then by Theorem 13.91 there is a chain morphism A^ — ?■ A' with commutative 
triangles f l3.7p . The inequality f l3.10p says 

I Cone(g) Ij^ > min (| Cone(fi)|h + 1, | Cone(gi)|h). 

Since both cones in the r.h.s. become homologically infinitely small at z — )■ +oo, the cone 
Cone(g) is also homologically infinitely small. Then Proposition 13.111 says that Cone(g) is 
contractible and as a result A' ~ Aj. □ 

We end this section with a theorem which follows easily from Definition 12.41 

Theorem 3.14. // a direct system A satisfies the property linij^oo I ^i Ih ~ +°^ then its 
limit is contractible: lim^ = 0. 

4. A DIRECT SYSTEM OF CATEGORIFICATION COMPLEXES OF TORUS BRAIDS 

4.1. A special categorification complex of a negative braid. Let ai denote an ele- 
mentary negative n-strand braid: 



(Ji 



i i+1 



Theorem 4.1. // an n-strand braid /3 can be presented as a product of elementary negative 
braids: /3 = ctjj. ■ ■ ■ (Ji^fyi^, then its categorification complex has a special presentation 



^...-^C^2^C^l^{{j_n))) (4.1) 

such that the complex 

C = (...^C_2^C_i)[l,-l] (4.2) 
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is 1-cut and angle-shaped. 

More abstractly, the theorem says that there exists a 1-cut and angle-shaped complex C 
and a chain morphism C — )■ (( : «)) such that ((/3))'^ ~ Cone ( C [1]^ — t- 



Remark 4.2. Theorem |^. i| implies that the special complex {{l3))l is angle-shaped. 



Proof of Theorem \4-.l\ Let A be a TL (n, 'ri)-tangle. Fix i such that l<i<n — 1. If the 



composition Qn o \ does not contain a disjoint circle, then, in accordance with eg. f l2.13() . 
we define the special categorification complex of cij o A as 

{{^^ o A)); = ( ((t/„, o A)) [-1, 1, 1] ^ ((A)) ) (4.3) 

i i 

If Qn o X contains a disjoint circle, then A must have the form « ]) o A'. Hence cij o A = 

i i i 

aj o n ^ o A'. The tangle Uj o n ^ is the same as « ^ "with a positive framing twist, so 

i i 

according to eq. (I2.14p . ((ctj o n ^ ^^ = ((« 3 )) ["!' I' ^l] • Hence in this case we define the 
special categorification complex of (7^ o A simply as shifted ((A)): 

((^.°A))^ = ((A)) [-1,2,0]. (4.4) 

Now we define a recursive algorithm for constructing the complex ((/?))«. For /3 = : n we 



define ((/3))a = (( : njj. Let /3 = ctj^ o ■ ■ • o o-jj and suppose that we have defined its special 
complex ((/?)) a. We define the special categorification complex of a braid /?' = ctj^.^^ o /3 by 
applying the rules (14.31) and (14. 4p to all constituent tangles A in the complex ((/3))u (see the 
formula fl2J[5|) l 

We prove the properties of ((/?))« by induction over k. If fc = then (3 = ': n and the 
properties of ((/3))! are obvious. 

Suppose that the special categorification complex ((/3))u of a braid [3 = ai^o- ■ -oai^ has the 
form ( 14. ip and its tail ( 14. 2p is 1-cut and angle-shaped. Consider a longer braid /3' = o"j^^^ o/3. 



The object (( : njj may appear in ((/3'))a if and only if A = : « and the extra crossing a, 
is negatively spliced in eq. ( I4.3p . hence ((/?'))« has the form (14. ip and its tail ( 14. 2 p is 1-cut. 



«fe+i 



If the negative crossing Ui^^^^ is composed with the head (( : nj^ of the complex ( 14. ip . 
then the formula (14. 3 p applies and the tangle Un,i^+i appearing in the tail of {{(3'))l satisfies 
the property ( I2.25p . 
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If the crossing <Ji^^-^ is composed with a TL tangle A from the (— i)-th chain 'module' 
C-i (see eq. ( I2.15P ) in the tail of the complex {{f3))l with the g-degree shift j satisfying the 
inequality i — 1 < j — I < 2{i — l), then the shifted objects in the r.h.s. of eqs. (l4.3p and fl4.4p 
also satisfy this inequality. □ 

The picture f l2.19p presents a torus braid as a product of negative crossings, hence 

m 

Corollary 4.3. A torus braid ^XDC " ^^^ ^ special angle-shaped categorification complex 



^'■v //« 



nj) In particular, for m = 1 



;X)C«»; = Cone (Ci,„ [1]^ ^ ((^ n))), (4.5) 

where the complex Ci^„ is 1-cut and angle-shaped. 

4.2. Special morphisms between torus braid complexes. Relation (14. 5 p indicates that 
there is a distinguished triangle 

1 



Cl,n [1], ^ ij_ n)) ^ ((XDC"» -^ Ci,. [-1, 1] 

and 

Cone(fi)~Ci,„[-l,l]. (4.6) 



Composing both sides of the morphism fi with the torus braid complex ((^ ^XDC ")) ' ^^ S^^ 
a morphism 

m m+1 

such that 

m 

Cone(f™) ~ Cone(fi) o (( XDC "»'• (4-7) 

Theorem 4.4. The cone ( [^.7| ) can be presented by a shifted complex 

Cone(f„) ~ Cm,n [-n + 1, n]^" [-1,1], 
such that Cm,n is 1-cut and angle-shaped. 

The proof is based on a simple geometric lemma: 
Lemma 4.5. For n > 2, the following two compositions of framed tangles are isotopic: 

ill i 
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where 2 c^ n zs the tangle Q « with double framing twist on the cap: 



c 



fe <P n 



i i+1 



Proof. This lemma is geometrically obvious: a cap on a pair of adjacent strands slides down 
through the torus braid to the bottom. □ 

An immediate corollary of eq. f l4.8p and of the framing change formula f l2.14p is the following 
relation: 



m 



C n o XDC "» ~ ((XDC "-20 C " )>" \-n + 1, n]^- . (4.9) 

In order to prove Theorem 14.41 we need three simple propositions. For a positive integer 

d < |, let I = (zi, . . . , Zrf) be a sequence of positive integer numbers such that z^ < ra — 2fc + 2 

I 
for all /c G {1, . . . , c?}. A cap-tangle (c ^i is a (n, n — 2(i)-tangle which can be presented as a 

i 

product of d tangles of the form (^ m: 

I id 12 ii 

(C n. = r n-2d+2 O ■ ■ ■ O C n-2 O T n. 



I 

A cup-tangle « 5) is defined similarly: 

I il J2 *d 

n 5) = ra ~) O n-2 ") O • • • O n-2d+2 ") . 

The first proposition is obvious: 

Proposition 4.6. Every TL {n,n) -tangle A has a presentation 

I' I 

A = n5) O (C n, |I| = |I'|. (4.10) 

The number (iA = |I| = |I'| is determined by the tangle A and we call it the cap-degree (or 
cup- degree) of A. 

The second proposition is also obvious: 

Proposition 4.7. // at least one of two complexes Ci and C2 in TL„ is 1-cut then their 
composition Ci o C2 is 1-cut. 

Note that even if both complexes are angle-shaped, then their composition is not necessar- 
ily angle-shaped. Indeed, in contrast to the homological degree, the g-degree is not additive 
with respect to the composition of tangles: if the composition of two TL tangles contains a 
disjoint circle then the g-degree shifts of the rule (12.161) violate additivity. However, if the 
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upper tangle in the composition has no caps or the lower tangle has no cups then no circles 
are created and the angle shape is maintained: 

I 

Proposition 4.8. // a complex C in TL„„2dA ^^ angle-shaped, then the complexes ((« 5) )) o C 
I 

and C o <^<^ (c njj are also angle-shaped. 



Proof of Theorem\4.4\ In order to construct the 1-cut and angle-shaped complex Cm,n, we 



use the presentation 

Cone(f„) ~ Ci,„ o (( JX "F [-1' 1] ' (4-11) 

which follows from eqs. (14. 7p and (14. 6p . We construct C^.n by simplifying the complexes 




A o XDC ")) f°^ "^^ (ri, n)-tangles A appearing in the chain 'modules' of Ci^„, with the 
help of the relation ( I4.9p . thus creating necessary degree shifts, and then using Corollary 14.31 
which says that emerging torus braids have angle-shaped categorification complexes. 

Let ((A)) [— i, j] be an object appearing in the (— i)-th chain 'module' of Ci,„ with a non- 
zero multiplicity (we made its homological degree explicit by including —i in the shift). 

k I 

We apply eq. (14. 9 p consequently to every cap Q n appearing in the cap-tangle (c »^ in the 
presentation (I4.10p of A: 

((A))H,j]o 

"^ » ° ((XDC "-2^^»; ° (( (l-))[-b„a,n-^,J]][-n + l,nf-, (4.12) 
where 

dx-l dx-1 

fc=i fc=i 

The object ((A)) comes from the 1-cut complex Ci^„, hence d\ > and the complex in 
big brackets in the r.h.s. of eq. (I4.12p is 1-cut in view of Proposition 14.71 Proposition 14.81 

I' m I 

implies that the complex ((« 5) )) o ((^XDC "^^'^^))« ° (( *^ ")) ^^ ^^^° angle-shaped. Since ((A)) 
comes from the angle-shaped complex Ci,„, the numbers i and j satisfy inequalities i > 
and i < j < 2i. It is easy to check that the numbers a\ and 6a of eq. (I4.13P satisfy the 
same inequalities: 6a > 0, 6a < aa < 26a, hence the complex in big brackets in the r.h.s. of 

m 

eq. (I4.12P is also angle-shaped. The complex Ci,„, o (( XDC")) ^^ ^be r.h.s. of eq. (14. lip is 
composed of complexes (I4.12p . hence Theorem 14.41 is proved. □ 
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5. A CATEGORIFIED JONES-WENZL PROJECTOR 

Consider the direct system ( I2.24p . Theorem 14.41 implies that | Cone(fm) |h > 2?Ti(n— 1) + 1, 
hence i3„ is Cauchy and it has a unique hmit hmi3„ = P~ G TL~. 

Now we prove Theorems 12.71 and Theorem 12.81 which describe the properties of P~. 

Proof of Theorem \2.S\ Consider the direct system f l2.24p truncated from below: 

^^..= (((}oc '^>r-^ ((ice ">r^---)-^Pn-. 

According to Theorem 13.81 the hmit P~ can be presented as a cone fl2.26p , where C^ „ = 
Cm,n [—n + 1,"",] *" and Cm,n is an infinite multi-cone: 

Cm,n = ■■■-> Cone(C„+fe,„ [-2k{n - 1) + 1, 2kn] -> ■ ■ ■ 

> Cone(Cm+i,n [-2n + 3, 2n] -^ Cm,n)) 

with 1-cut and angle-shaped complexes Cm,n introduced in Theorem 14.41 Hence the complex 
Cm,n itself is 1-cut and angle-shaped. □ 



Proof of part 1 of Theorem 2/1. The tangle composition with (( (^ " )) is a 'continuous 



functor, that is, it can be applied to both sides of limi3„ = P„, hence lim (( C " )) ° ^n 

i 

Q")) o P^. According to eg. f l4.9p . 



m 

s 



C-»oS„=(((C"»o(0 n»^...^(((;n»o((XX"»^--- 
i rn i 

C"»^---^((XDc-2>r°((C"»[-^+i,^r->-- 



Since 

m i 

yXC n~2)y o (( C n » [-n + 1, nr , = 2m{n - 1) -^ +oo. 



according to Theorem I3.14[ lim(( (^ « )) o i3„ = 0, hence (( (^ ^^ )) o P^ is contractible. □ 



Remark 5.1. The contractibility o/P„ o ((" ^ )) ^■^ proved similarly. 
Corollary 5.2. If C is a 1-cut complex in TL~, then C o P~ is contractible. 
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Proof of part 2 of Theorem 2.7. According to eq. (12.271) 



P;op-~Cone Co,„[lL^ i - oP 



Cone Co,„ o P; [1]^ ^ ; n o P; ~ P 



n 5 



where we used the fact that Co,n is 1-cut and Corollary 15.21 in order to establish the last 
homotopy equivalence. □ 



Proof of Theorem \2.B . The complexes P~, Cm,n and (( XDC ")) i^ eq. f l2.26p are angle- 
shaped, hence they are g"'"-bounded and their Kq images are well-defined. Applying Kq to 
this equation and taking into account eq. (12.281) and the definition (12. 23 p . we find 

1 m 



The complex Cm,n is angle-shaped, so Ko(Cm,n) > and by Definition 12.11 there is a 
limit [2201 ' □ 



6. The other projector 

A dual of an {m, n)-tangle r is the (n, m)-tangle tangle r^ which is its mirror image. 
Duality extends to an isomorphism TL — > TL°p combined with the isomorphism of the 
ground ring Z[g, g"^] — )■ Z[g, g^^], such that q"^ = q~^. Furthermore, duality establishes an 
isomorphism TL^ — )■ (TL^)°p, where TL' is the analog of TL"*" constructed over the ring 
Z[[g~-'^,g] of Laurent series in q~^ . 

Since the relations (12. 6 p and (12. 7p are dual to each other, while the idempotency condition 
Pn° Pn = Pn IS duality invariant, the uniqueness of the Jones- Wenzl projector implies that 
it is duality invariant: i^^ = P„. Hence the corresponding idempotents P.^ G TL^ and 
P~ G TL' are also dual to each other: P^ = {PnY- Taking the dual of eq. (I2.20p we find 
that P~ is the limit of torus braids with high positive (that is, counterclockwise) twist: 

1 m 

hm g-2"^"("-^)(XiX">=^n-, (6.1) 



m— >+oo 



because XDC" = XDC 



V 



V 



Duality extends to a contravariant equivalence functor TL — )■ TL"^, where TL°'' is the same 
category as TL, except that the composition of tangles is performed in reversed order. The 



AN INFINITE TORUS BRAID AND THE JONES- WENZL PROJECTOR 23 

functor V also switches the signs of all three gradings of TL. Applying the duality functor 
to the construction of P~ we find that there exists a direct system 

fV m m+1 „v N 

.-1 ^^^^^n)) ' ^ //yr^^n)) ^^il!±l... , (6.2) 



-^V^yV. // W ^ 



where — s denotes the grading shift which is opposite to ( I2.23p . The system (I6.2p is dual 
to the system f l2.24p and it has an inductive limit limS^ = P^, which satisfies projector 
properties 

P+ O P+ ~ P + , (( C " » O P+ ~ P+ O ((n 3 » ^ 

and has a presentation 

P; - Cone (cr,,„ [n - 1, nf^ [-1], -^ (( JX ' 

where the complex C^.n is 1-cut and angle-shaped. In particular, at m = we get the dual 
of presentation (12.271) : 

P^^~Cone(Co",J-l]^^((Jn»), 
where the complex Co,n is 1-cut and angle-shaped. 
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